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1. Introduction 
More than forty years ago Henry Gould published a very informative paper [6] discussing the 
classical formula 
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where nB  are the Bernoulli numbers. Among other things, Gould indicated that the formula was 
very old and was known at least in 1893. It appears also in Hasse [10] 
The representation can be written also as 
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are the Stirling numbers of the second kind, originating in the works of  James Stirling (1693-
1770)  (see [2] for the history of these numbers and for a short proof of (2)).  
It would be nice to extend this result to the Bernoulli polynomials 
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Indeed, if we replace here kB  by their representations (2) and change the order of summation we 
find 
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which directly extends (2), as (0)n nB B .     
Another extension of (2) was obtained recently by Guo, Mezo, and Qi [9] (see also Neto [15]). 
Namely, Guo et al found the representation 
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for all integers , 0n r  , where ( , )rS n m  are the r-Stirling numbers, extending ( , )S n m . In 
combinatorics, ( , )rS n m  is the number of ways to partition the set {1,2,..., }n  into m  nonempty 
disjoint subsets so that the numbers 1,2,...,r  are in different subsets. Thus 0( , ) ( , )S n m S n m , 
and when 0r  , the representation (4) turns into (2). 
The r-Stirling numbers were studied in details by Broder in [4]. Equation (32) in Broder’s paper 
[4] gives the following representation of r-Stirling numbers in terms of Stirling numbers of the 
second kind 
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Here in the right hand side we recognize the sum in the braces in (3). Thus (4) follows 
immediately from (3) and Broder’s equation (5). 
In the next section we discuss another result, possibly originating from Niels Nielsen [16], which 
extends directly representation (1). In the third section we extend the representation to poly-
Bernoulli polynomials. In section 4 we give some brief notes on Cauchy numbers and 
polynomials. 
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2. Nielsen’s representation 
Todorov  [17] obtained the formula 
  
0
( 1)
( )
1
k k nn
n
k
x
B x
k
 


   
where ( ) ( 1) ( )f x f x x     is the finite difference. It is well known that for any function ( )f x ,  
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and thus Todorov’s result can be written in the form 
 Proposition 1. For every 0n   and every x  the Bernoulli polynomials have the 
representation 
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This is a direct extension of (1), as (0)n nB B . The representation was also obtained by Guillera 
and Sondow in [8] by extending the work of Hasse [10]. A recent independent proof was given 
in [3]. The result, however, is much older; it can be recognized in equation (18) on page 232 in 
Nielsen’s book [16]. 
Proposition 1 implies the representation (3) and therefore, extends also the Guo-Mezo-Qi result.  
We have: 
 Lemma 2. For every 0n   and 0 k n  ,  
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and when x r  is a non-negative integer,  
  
0
( 1) ( ) ( 1) ! ( , )
k
j n k
r
j
k
r j k S n r k r
j
 
      
 
 .  
The proof is trivial. By expanding the binomial and then changing the order of summation we 
find 
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The second equation comes from Broder’s formula (5).  
 
3. Poly-Bernoulli numbers and polynomials 
The poly-Bernoulli numbers and polynomials were introduced by Kaneko [11]. The poly-
Bernoulli polynomials ( )( )qm x , 1q  , can be defined by the generating function 
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(see Bayad and Hamahata [1]). Here 
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poly-Bernoulli numbers. Clearly (1) ( 1)n nn     
Kaneko showed that the poly-Bernoulli numbers can be written in terms of the Stirling numbers 
of the second kind, 
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This representation can be extended to poly-Bernoulli polynomials by the same method as above. 
Conveniently, Bayad and Hamahata [1] showed that 
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(for another proof see [3]). Expanding the binomial and changing the order of summation yields 
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and this brings to the next result: 
 Proposition 4. For any 0n  , 1q  ,  
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This turns into (7) for 0x   and turns into (3) for 1q  .  
Substituting here x r   , 0r   an integer, we obtain the poly-Bernoulli analog of formula (4), 
expressing poly-Bermoulli polynomials in terms of r-Stirling numbers. 
 Corollary 5. For any integers 0n  , 0r  , 1q  , we have    
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4. Cauchy numbers and polynomials 
We mention here very briefly some similar developments with Cauchy numbers and 
polynomials. The Cauchy numbers of the first kind  , 0,1,...nc n   , are defined by the 
exponential generating function 
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Recalling that the Stirling numbers of the first kind ( , )s n k  are defined by the generating function 
(see [5], [7]) 
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we find immediately the representation 
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which somewhat resembles (2). Information about Cauchy numbers can be found in [5], [12], 
[13], and [14]. For instance, the above representation is given on p. 294 of [5].  Komatsu [12] has 
defined poly-Cauchy numbers of the first kind ( )q
nc , 1q  ,  which have the representation 
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similar to (7). The Cauchy polynomials ( )nc z  of the first kind are defined by the function 
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and recently Komatsu and Mezo [13] obtained a representation of these polynomials in terms of 
r-Stirling numbers of the first kind ( , )rs n k  
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described in [13]. This representation resembles (4). More details and other similar results can be 
found in [13].   
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